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Using both two orbital and five orbital models, we investigate the quasiparticle interference �QPI� patterns in
the superconducting �SC� state of iron-based superconductors. We compare the results for nonmagnetic and
magnetic impurities in sign-changed s-wave cos�kx� · cos�ky� and sign-unchanged �cos�kx� · cos�ky�� SC states.
While the patterns strongly depend on the chosen band structure details, the sensitivity of peaks around
��� ,0� and �0, ��� wave vectors on magnetic or nonmagnetic impurities, and on sign-changed or sign-
unchanged SC orders is a common feature. Our results suggest that the QPI can provide evidence of the pairing
symmetry in the SC states.
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I. INTRODUCTION

Recently, the discovery of high-temperature superconduc-
tivity in oxypnictide compounds1–5 stirred great interests in
the condensed matter community. One important problem is
to elucidate the pairing symmetry of the order parameter of
the superconducting �SC� state. Theoretically many possible
gap pairing symmetries have been proposed. Due to the
proximity of the superconducting state to a collinear antifer-
romagnetic state, a magnetism-based mechanism has
emerged in both the weak and strong coupling approaches.
This mechanism suggests that an extended s-wave pairing
symmetry is favored.6–8

The weak-coupling approach favors an s-wave �so-called
s�� state7 in which the relative sign of order parameters
changes between the hole and electron pockets. However, the
weak-coupling approach does not specify the exact form of
order parameter. In a recent paper,6 we showed that, in strong
coupling, the pairing symmetry is determined mainly by the
next nearest neighbor antiferromagnetic exchange coupling
J2 �Refs. 9–13� and has an explicit sx2y2 form in momentum
space, cos�kx� · cos�ky�. This result is completely independent
of any model, as long as the dominating interaction is next-
nearest neighbor J2 and the Fermi surfaces �FSs� are located
close to the � and M points in the Brillouin zone. The
cos�kx� · cos�ky� changes sign between the electron and hole
pockets in the Brillouin zone. In this sense, it resembles the
order parameter, s�, proposed through general weak-
coupling arguments.7

The magnitudes of superconducting gaps measured by
angle-resolved photoemission spectroscopy on different
Fermi surfaces are in good agreement with the simple
cos�kx� · cos�ky�.14–16 The magnetic properties in the SC state
have also been shown to be consistent with the proposed
pairing symmetry.17–20 Although several theoretical
works21–24 propose different ways to measure the sign
change between the electron and hole pockets, directly prob-
ing this change is still a fundamental experimental challenge.
Without any detailed calculations, a theoretical suggestion
for probing the sign change through quasiparticle interfer-
ence �QPI� in the presence of magnetic and nonmagnetic
impurities. has been made in Ref. 25.

The QPI can be probed directly in modern scanning tun-
nel microscopy experiments26,27 and has been intensively
studied in copper-based high-temperature superconductors.
In the presence of impurities, elastic scattering mixes two
eigenstates with different momentum k1 and k2 on the same
contour of constant energy and a scattering interference pat-
tern appears as a modulation in the local density states
�LDOS� at wave vector q=k2−k1. Such kind of interference
pattern in the wave-vector space can be observed in the Fou-
rier transform scanning tunneling spectroscopy
�FT-STS�.28,29 The quasiparticle scattering between regions
in the k space produces peaks or arcs determined by high
density of states �DOS� in momentum space and coherence
factors.30 For example, in the d-wave pairing SC state, many
QPI dispersive peaks can be identified; in the cuprates, they
provide details of the band structure, the nature of supercon-
ducting gap or other competing orders.31–43

In this paper, we perform a detailed investigation of the
QPI in iron-based superconductors. We use both two orbital
and five orbital models. In general, the QPI strongly depends
on the bare band structure. The QPI patterns change signifi-
cantly from a two orbital model to a five-orbital one, which
suggests that the QPI can provide direct information of the
detailed band structure and orbital degrees of freedom. By
carefully examining the pattern, we can also identify com-
mon features of the QPI pattern in both models, which are
tied to the symmetry of SC order parameter and the impurity
type. These general features include: �1� the intraorbital scat-
tering by impurities always dominates the interorbital scat-
tering. The latter has negligible effect on the QPI �though it
breaks discrete C4 symmetry of the patterns�; �2� unlike in
the d-wave SC state of cuprates where large density of states
at some banana tips causes dispersive features in the QPI,28

the nodeless s-wave has little density of states inside SC gaps
and hence no strong points dominate the scattering; �3� a
magnetic impurity always causes a broad and large peak near
q= �0,0� in the QPI; this stems from intraband scattering.
For a nonmagnetic impurity, the intensity around q= �0,0� is
small. This result can be used to distinguish two types of
impurities; and �4� the peaks around ��� ,0� and �0, ���
are sensitive to both the type of impurities and to the sign
change of the SC orders between the electron and hole pock-
ets. Magnetic impurities along with sign-unchanged SC or-
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ders or nonmagnetic impurity with sign-changed SC orders
cause strong interference peaks. Finally, as in a fully-gapped
s-wave SC state the results from a full T-matrix calculation
do not differ considerably from results of a simple first order
perturbation calculation,30,44 we are able to also provide an
analytic derivation of the above results.

II. TWO-ORBITAL MODEL AND SINGLE IMPURITY
SCATTERING

We first investigate the QPI in a simple two orbital
model.6,17,45 The mean field Hamiltonian of the model in SC
states is written as H=�k�†�k�B�k���k� with

B�k� =�
�x�k� − � �1�k� �xy�k� 0

�1
��k� − �x�k� + � 0 − �xy�k�

�xy�k� 0 �y�k� − � �2�k�
0 − �xy�k� �2

��k� − �y�k� + �
� ,

�1�

where �†�k�= �c1,k,↑
† ,c1,−k,↓ ,c2,k,↑

† ,c2,−k,↓� in the Nambu for-
malism. The single-particle bands read as

�x�kx,ky� = − 2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky ,

�y�kx,ky� = �x�ky,kx�, �xy�kx,ky� = − 4t4 sin kx sin ky ,

where t1=−1, t2=1.3, t3= t4=−0.85, and � is chosen in the
electron-doped regime. By comparing with the DFT results
in the low energy, the absolute value of t1 is estimated as
�0.3 eV.46,47 Hereafter, �t1� will be used as the energy unit.
For sx2y2-wave pairing, the order parameter is �1�kx ,ky�
=�2�kx ,ky�=�0 cos kx cos ky.

6,17

The Green’s function for the clean system is

G0�k,	� � G0�k,k,	� = 	�	 + i
�I − B�k�
−1, �2�

where I is the identity matrix and 
 is the energy width
broadening. In this work, we only consider a single impurity
with potential �
�x� so that the impurity matrix V�k1 ,k2�
=V is independent of k. The impurity induced Green’s func-
tion is expressed as


G�k1,k2,	� = G0�k1,	�T�k1,k2,	�G0�k2,	� . �3�

Standard perturbation theory gives

T�	� = V + V�0�	�V + V�0�	�V�0�	�V + ¯

= 	I − V�0�	�
−1V , �4�

where
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FIG. 1. �Color online� The spectral function A�k ,	� in the unfolded Brillioun zone, for sx2y2 with �0=0.1. Darker regions correspond to
larger values of A hence larger DOS in k space.
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FIG. 2. �Color online� Bulk density of states � for sx2y2 as a
function of 	, �0=0.1 and no impurities. Some special values are
marked by red dots. The energy broadening width is 
=0.002.
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�0�	� =� d2k

�2��2G0�k,	� . �5�

Consequently, the Fourier transform of the �induced� local
density of states is


��q,	� =
i

2�
� d2k

�2��2g�k,q,	� , �6�

where q=k�−k and

g�k,q,	� = 
G11�k,k�,	� − 
G11
� �k�,k,	� + 
G33�k,k�,	�

− 
G33
� �k�,k,	� . �7�

Due to the multiorbital nature of the band model, we dis-
tinguish different types of impurities. They are

V = Vintra = I � �V0 0

0 �V0
 , �8�

for an impurity with only intraorbital scattering, and

V = Vinter = �x � �V0 0

0 �V0
 , �9�

for interorbital scattering only, where the upper �down� sign
corresponds to magnetic �nonmagnetic� impurity. Since it
was argued that for cuprate superconductors this T-matrix
method is valid when impurity scattering strength is much
larger than the maximal pairing gap,27 we take V0=4�0 in
our calculation. Our following results weakly depend on V0
as long as VN01.
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FIG. 3. �Color online� 
��q ,	=0.07� for nonmagnetic impurity with Vintra �black solid�, Vinter �red dash� and Vmix�Vintra+Vinter �green
dash dot� along three directions: �a� �−� ,0�→ �� ,0�, �b� �−� ,−��→ �� ,��, and �c� �−� ,��→ �� ,−��.
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FIG. 4. 
��q� for nonmagnetic impurity with intraorbital scattering, V0=0.4. A 200�200 lattice in k-space is used in numerical
integration of Eq. �5� and the energy broadening width 
=0.005.
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A. Numerical results

We first calculate electronic properties in an impurity-free
system. Most of the results in this section have been already
computed in less detail in Ref. 17. In Fig. 1, we plot the
spectral function

A�k,	� = −
1

�
Im	G11

0 �k,	� + G33
0 �k,	�
 �10�

of the clean system at different 	 in the unfolded Brillioun
zone. This unfolded Brillioun and the typical value of order
parameter �0=0.1 will be used throughout this paper. It
should be noted that for 	 and −	, the shapes �topology� of
the contours of constant energy �CCE� are almost identical,
but the numerical values of A on these contours are remark-
ably different. As an example, let us focus on the regions
near one of the M points �� ,0�, where the CCE consists of
two semi-oval circles, or two complete oval circles due to the

periodicity of the Brillioun zone �BZ�. As can be seen from
Figs. 1�a� and 1�b�, for negative 	, the spectral weight on the
inner circle is larger than that on the outer one. The situation
is opposite for positive 	 	Figs. 1�g� and 1�h�
. This leads to
different scattering interference patterns at �	, as we will
see later on.

The bulk density of states ��	�=�kA�k ,	� is plotted in
Fig. 2. It is fully gaped within ��−0.05,0.05� and the coher-
ent peak occurs at ��0.076.17 To exemplify some scattering
amplitudes, we plot 
��q� for a nonmagnetic impurity near
the edge of the gap �	=0.07� along three special directions
in Fig. 3. Two observations in these figures are common to
all our results. First, ��q� for interorbital scattering in the two
diagonal directions are quite different �	compare the red dash
lines in Figs. 3�b� and 3�c�
. This is not surprising since the
interorbital scattering such as c1,k,↑

† c2,k,↑ breaks the symmetry
between directions �−� ,−��→ �� ,�� and �−� ,��→ �� ,
−��.48 Second, the amplitude created by the intraorbital im-
purity is stronger than that created by the interorbital one;
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FIG. 5. The same with Fig. 4 but for magnetic impurity, V0=0.4.
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FIG. 6. �Color online� Profiles of 
��q ,	� along M→�→�� for �a� nonmagnetic impurity and �b� magnetic impurity. The data are
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therefore the intraorbital scattering is dominant when both
are present. As such, in the following, we present only nu-
merical results for intraorbital impurities.

In Figs. 4 and 5, we show the two-dimensional contour of
the scattering pattern 
��q� for nonmagnetic and magnetic
impurities, respectively. The 
��q� profiles along special di-
rections are plotted in Fig. 6. In Figs. 4 and 5, the most
prominent features for all 	 values are two intersecting ovals
	see also the peaks directed by red arrows �1 and 2� in Fig.

6
, reflecting the strong intrapocket scattering between equal-
energy curves near M points with the largest DOS. These
scattering processes are labeled by red arrows �1 and 2� in
Fig. 1�b�, where scattering wave vectors outside the first BZ
�e.g., arrow 2� should be understood as their equivalent
counterparts in the first BZ. By increasing �	� on the negative
�positive� energy side, the size of the ovals decreases �in-
creases� because the important scattering takes place be-
tween the inner �outer� circle of CCE near M with the largest
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FIG. 7. �Color online� Same as Fig. 6 but for the case without sign change, �1�kx ,ky�=�2�kx ,ky�= ��0 cos kx cos ky�. �a� Nonmagnetic
impurity and �b� magnetic impurity.
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FIG. 8. The spectral function A�k ,	� for dx2−y2 pairing symmetry with �0=0.1.

QUASIPARTICLE SCATTERING INTERFERENCE IN… PHYSICAL REVIEW B 80, 094528 �2009�

094528-5



DOS. At a definite energy 	, this gives two peaks along
direction M→�, corresponding to the scattering along the
major and minor axis of the oval CCE, respectively. Due to
the congruence of these CCE oval circles, they always inter-
sect on the diagonal line ���→��, therefore only one peak
can be observed along this direction. For 	 far outside the
gap, there is no noticeable difference between the magnetic
and nonmagnetic impurities 	compare Figs. 4�a� and 4�h�
with Figs. 5�a� and 5�h�
. This is understandable since the
tendency of the �Cooper� pair breaking due to a magnetic
impurity is most significant near the Fermi level. Within the
single-particle scattering regime considered here, for �	�
�0.05 inside the gap, no interference pattern is expected due
to lack of scattering states. This is confirmed �but not shown
here� by the fact that, when decreasing the imaginary part of
the energy 
 in Green’s functions, the peaks of 
��q , �	�
�0.05� are sharper, while 
��q , �	��0.05� vanishes trivially
for all q.

There are additional peaks around the M points, as di-
rected by green arrows in Fig. 6, which play an important
role in distinguishing different types of impurities. When de-
creasing �	�, they move steadily toward M. These originate
from the interpocket scattering as demonstrated by green ar-
rows �3 and 4� in Fig. 1�b�. The differences of these peaks
between nonmagnetic and magnetic impurities are clear near
the gap edges, suggesting strong dependence on coherent
factors due to impurities, as well as on DOS contour of the

clean system.27,30 For nonmagnetic impurity 	Fig. 6�a�
, the
peaks are much more sharper. This sensitivity of peaks
around ��� ,0� is also proposed by Ref. 25, and is expected
to be practically observed in the experiments. Moreover, a
large peak appears around � 	blue arrows in �Fig. 6�b�
. This
suggests that the magnetic impurity’s ability to localize the
quasiparticle is weaker than that of the nonmagnetic one.
Around �0,0�, there is also a contribution originating from
the homogeneous background. The mixture of such a signal
makes the peak around �0,0� is not a good experimental ob-
servable to provide useful information. However, if the
sample is large so that the signal from the homogeneous
background has a much narrower width than the size of the
electron or hole pockets, the peak at � can still provide a
useful reference.

B. Effect of sign change

The sx2y2 pairing differs from the conventional s-wave
pairing that it changes sign in the BZ. To investigate the
physical consequence of this effect, we artificially prohibit
this sign change by letting �1�kx ,ky�=�2�kx ,ky�
= ��0 cos kx cos ky� in Eq. �1�. This may not correspond to
any realistic physical system, but can reveal, by comparison,
the effects of the sign change of the order parameter. We
show the profile of 
��q� in Fig. 7. The most observable
feature is that, contrary to the sign-change case, the inter-
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FIG. 9. 
��q� for nonmagnetic impurity for dx2−y2 pairing symmetry with intraorbital scattering, V0=0.4.
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pocket peak around the M point is now sharper for the mag-
netic impurity.

C. QPI in other pairing symmetry

We briefly discuss the dx2−y2 pairing symmetry as an ex-
ample of a case with gapless nodal quasiparticles. The en-
ergy contours and interference patterns are plotted in Figs.
8–10. Besides the robust intrapocket scattering around � and
the impurity-type sensitive peaks near ��� ,0� and �0, ���,
the most specific feature is the finite DOS within the pseudo-
gap 	� �−0.05,0.05�, giving rise to small but finite QPI in
this region, as can be seen in �e�–�g� of Figs. 9 and 10. This
originates from the intrahole pocket scattering. When �	�
→0, the QPI concentrates on the diagonal directions as ex-
pected from the band structures in Fig. 8.

D. Analytical analysis

This section is hoped to provide a simple understanding
of the above results for the two-band model. From our analy-
sis, one can see that the features of QPI are mostly deter-
mined by �1� the density of states in k space at both k and
k+q and �2� the sign-changing structure of the supercon-
ducting order parameter. It is also shown that some details of
the numerical results, such as the domination of the intraor-
bital impurity scattering over the interorbital impurity scat-

tering in QPI, are due to the topological structure of the
Bloch wave function, the importance of which has been em-
phasized in Ref. 49.

The two-orbital Hamiltonian can be diagonalized by a
unitary transformation

U†�k�� �x�k� �xy�k�
�xy�k� �y�k�

U�k� = ��1�k� 0

0 �2�k�
 , �11�

where

U = �cos��k/2� − sin��k/2�
sin��k/2� cos��k/2�

 , �12�

and tan��k�=
2�xy�k�

�x�k�−�y�k� . The exact calculation of the T matrix
is possible, however, a handy approximation for the T matrix
will be applied and will reveal the physics more clearly.
Practically we can numerically verify that for the strength of
impurity in this work �V0=0.4�, the first order expansion in
Eq. �4� is sufficiently precise �with error less than 2%�. In the
following, we safely take T=V. Throughout this work we
have taken the orbital representation, and therefore in the
orbital basis, the impurity Hamiltonian takes simple forms as
Eq. �8� and �9�. However, one may interested in the band
representation if one wants to separate intrapocket and inter-
pocket effects. One can use the unitary transform to obtain
the band representation from the orbital representation. In the
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FIG. 10. The same with Fig. 9, but for magnetic impurity.
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band basis, the V matrix for intraorbital impurity is in the
following k-dependent form

V�k,k�� =� cos��k − �k�

2
 sin��k − �k�

2


− sin��k − �k�

2
 cos��k − �k�

2
 �

� �V0 0

0 �V0
 , �13�

where the upper �lower� sign is for the magnetic �nonmag-
netic� impurity, as in Eqs. �8� and �9�. The induced Green’s
function in Eq. �3� can now be transformed to the band rep-
resentation. After a lengthy but straightforward calculation,
we obtain


��q� = 	P1�k,q� + P2�k,q�
V0 cos2��k − �k+q

2


+ 	Q1�k,q� + Q2�k,q�
V0 sin2��k − �k+q

2
 ,

�14�

where Pi and Qi denote the contributions from intrapocket
and interpocket scattering respectively, and take the form

P1�2��k,q�

=
�	 + �1�2��k���	 + �1�2��k + q�� � ��k���k + q�

�	2 − ��k�2 − �1�2��k�2��	2 − ��k + q�2 − �1�2��k + q�2�
,

Q1�2��k,q�

=
�	 + �1�2��k���	 + �2�1��k + q�� � ��k���k + q�

�	2 − ��k�2 − �1�2��k�2��	2 − ��k + q�2 − �2�1��k + q�2�
,

�15�

where subscript 1 means the electron band and 2 means the
hole band. The denominators simply give the density of
states at both k and k+q; the numerators are the coherence
factors that depend on the structure of the superconducting
order parameter. The intensity of QPI thus comes from the
minima of the denominators. Around the coherence peak, we
have 	����kf��, and therefore the major contribution comes
from k’s that lie on the FS. If one thinks of the QPI intensity
as a function of q, then the peaks should appear where we
can have �i�k���i�k+q��0. This explains why the “bright
rings” in our numerical figures should take the same shape
�but doubled in size� as the electron pockets. The numerators
also play important roles: around the coherence peak we
have 	� ���kf�, and on the energy contour �i�k��0, the
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FIG. 11. �Color online� Bulk density of states � for five-orbital
model with sx2y2 pairing as a function of 	, �0=0.1 and no impu-
rities. The energy broadening width 
=0.002.
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FIG. 12. �Color online� The spectral function A�k ,	� in the unfolded Brillioun zone, for five-orbital model with �0=0.1. Darker regions
correspond to larger values of A hence larger DOS in k space.
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magnetic impurity contribution is almost zero if q��� ,0�
for the sign-changing s-wave ���k�=−��k+q��. The oppo-
site is true if � does not change sign: the contribution by
magnetic impurity is now much larger than that by nonmag-
netic impurity. Furthermore, at q�0 the contribution by
magnetic impurity is much larger than the nonmagnetic im-
purity. These are consistent with our numerical results and
previous theoretical argument.25

Now let us turn to the interorbital case. After the same
process, one obtains

V�k,k�� =� cos��k + �k�

2
 sin��k + �k�

2


− sin��k + �k�

2
 cos��k + �k�

2
 �

� �V0 0

0 �V0
 . �16�

The result is
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FIG. 13. 
��q� for five-orbital model, nonmagnetic impurity with intraorbital scattering, V0=0.4. A 160�160 lattice in k space is used
in numerical integration of Eq. �5� and the energy broadening width 
=0.001.
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FIG. 14. Same as Fig. 13 but for magnetic impurity, V0=0.4.
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��q� = 	P1�k,q� + P2�k,q�
V0
cos��k� + cos��k+q�

2

+ 	Q1�k,q� + Q2�k,q�
V0
cos��k� − cos��k+q�

2
,

�17�

In our numerical section we pointed out that the interor-
bital contribution is much smaller than the intraorbital one.
The reason lies in the structure of the function of �k as a
function of k. Here is a simple demonstration: in the above
equation, we can see that the factor cos��k� changes fast,
while the functions P and Q remain almost constants when k
is moving along the FS. And from Ref. 49 we learned that on
the two hole pockets FS, the function �k changes from 0 to
4�, and the �’s on the two electron pockets differ from each
other by an angle of �. This tells us that the integration of
cos�k� around the FS is zero, thus making the interorbital
QPI intensity very small, which confirms what is seen in Fig.
3. This is not surprising since the intraorbital nesting in the
given band structure is significant.

III. FIVE-ORBITAL MODEL AND NUMERICAL RESULTS

A better fit to the local-density approximation band struc-
ture in iron-based superconductors is given by a five orbital
proposed in Ref. 50. To investigate the model-dependence of
the scattering patterns, we now perform all the above calcu-
lations employing this five-orbital model augmented by an
intraorbital sx2y2 pairing symmetry.

In Fig. 11, we show the bulk DOS for the clean system.
The coherence peaks appear at �0.082 and the system is
fully gapped within ��−0.05,0.05�. In Fig. 12, we plot the
spectral function A�k ,	� in the unfolded Brillioun zone,
where the energy contours and their weight can be clearly
seen. In Figs. 13 and 14, we plot the interference pattern

��q� for nonmagnetic and magnetic impurities, respectively.

Their profiles in the direction M→�→�� are plotted in Fig.
15. Finally, for comparison, we also plot the results for order
parameter without sign change in Fig. 16.

It is clear that the QPI in the five orbital model is quite
different from that in the two orbital model. This major dif-
ference comes from the distribution of density of states at the
Fermi surfaces. For example, compared with the QPI in the
two-orbital model, scattering around � now has its origin in
the intrapocket scattering within the hole pockets—in the
two orbital model it originates from intraelectron pocket
scattering. The density of states is higher in the electron than
in the hole pockets in the two band model. The opposite is
true in the five orbital model. Another clear difference is that
due to the existence of additional orbitals, there exist square
shaped profiles in Figs. 13�b� and 13�c� which correspond to
the scattering process labeled by arrow 1 in Fig. 12�b�; and
the circle shaped profile in Fig. 13�d� corresponds to arrow 2.
These features are absent in the two orbital model.

However, there are also common features in both models.
The broad and large peaks at q= �0,0� for magnetic impurity
appear in both models. More importantly, the
��� ,0� / �0, ��� sensitiveness on magnetic or nonmagnetic
impurity, and sign change remains the same. For example,
when � changes sign, the peak around q
= ��� ,0� / �0, ��� for nonmagnetic impurity 	Fig. 15�a�

disappears in the case of a magnetic impurity 	Fig. 15�b�
.
On the contrary, when � does not change sign �Fig. 16�, the
peak at ��� ,0� / �0, ��� is related to magnetic impurity.
The sensitiveness of the interference pattern around
��� ,0� / �0, ��� corresponds to the interpocket scattering
labeled by arrows 3 and 4 in Fig. 12�b� and has been ex-
plained explicitly in the two-orbital model. Equations �14�
and �15� and the arguments following them do not depend on
the number of bands and therefore these features are rather
universal. Moreover, the ��� ,0� / �0, ��� sensitiveness on
the order parameter sign change �Fig. 16� is quite similar
with the two-orbital model.
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IV. CONCLUSION

In summary, we have investigated in detail the structures
of the QPI in iron-based superconductors within the current
available two orbital and five orbital models. The results ob-
tained here suggest that the QPI can be used to determine the
band structure and orbital degrees of freedom in these mate-
rials and can also provide evidence of the SC pairing sym-
metries. In this calculation, we have ignored possible three
dimensional effects, more relevant for the 122 materials.51,52

The physics associated with the third dimension and possible
competing orders or coexistence states will be addressed in
the future.
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